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Abstract 

We consider an almost complex manifold with Norden metric (i. e. a metric 
with respect to which the almost complex structure is an anti-isometry) . On 
such a manifold we study a linear connection preserving the almost complex 
structure and the metric and having a totally skew symmetric torsion tensor 
(i. e. a 3- form). We prove that if a non-Kahler almost complex manifold with 
Norden metric admits such connection then the manifold is quasi-Kahlerian (i. e. 
has non-integrable almost complex structure). We prove that this connection is 
unique, determine its form, and construct an example of it on a Lie group. We 
consider the case when the manifold admits a connection with parallel totally 
skew-symmetric torsion and the case when such connection has a Kahler curva- 
ture tensor. We get necessary and sufficient conditions for an isotropic Kahler 
manifold with Norden metric. 
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1 Introduction 

There is a strong interest in the metric connections with totally skew-symmetric 
torsion tensor (3- form) . These connections arise in a natural way in theoretical 
and mathematical physics. For example, such a connection is of particular in- 
terest in string theory In mathematics this connection was used by Bismut 
to prove the local index theorem for non-Kahler Hermitian manifolds [2] . A con- 
nection with totally skew-symmetric torsion tensor is called a KT connection 
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by physicists, and among mathematicians this connection is known as a Bismut 
connection. 

According to Gauduchon [3^, on any non-Kahler Hermitian manifold, there 
exists a unique Hermitian connection (i. e. one preserving the almost complex 
structure and the metric), whose torsion tensor is totally skew-symmetric. 

The goal of the present work is to solve the analogous problem for almost 
complex manifolds with Norden metric. We build upon the results in [4], where 
we have considered a connection with totally skew-symmetric torsion tensor in 
the case of quasi-Kahler manifolds with Norden metric. 

The main results in the present paper are contained in Theorem (|3.1|) . We 
prove that if a non-Kahler almost complex manifold with Norden metric admits 
a linear connection V preserving the almost complex structure and the metric 
and having totally skew-symmetric tensor, then the manifold is quasi-Kahlerian 
and the connection V' is unique. We get the form of V. 

We construct a 4-parametric family of 4-dimensional quasi-Kahler manifolds 
with Norden metric by a Lie group, and derive the connection V' for an arbitrary 
manifold of this family. 

We consider the case when V has a parallel torsion and obtain a relation 
between the scalar curvatures of this connection and the Levi-Civita connection. 
We show that the manifold is isotropic Kahlerian iff these curvatures are equal. 

We prove that if the manifold admits a parallel connection with a Kahler 
curvature tensor, then the manifold is isotropic Kahlerian. 

2 Preliminaries 

Let (Af , J, g) be a 2n-dimensional almost complex manifold with Norden metric, 
i. e. 

J'^x = -x, g{Jx,Jy)^-g{x,y), 

for all differentiable vector fields x, y on M . The associated metric g oi g on 
M , given by g{x, y) = g{x, Jy), is a Norden metric, too. The signature of both 
metrics is necessarily (n, n). 

Further, x, y, z, w will stand for arbitrary differentiable vector fields on M 
(or vectors in the tangent space of M at an arbitrary point p G M). 

The Levi-Civita connection of g is denoted by V. The tensor filed F of type 
(0, 3) on M is defined by 

F{x,y,z)^g{{\/.,J)y,z). (2.1) 
It has the following properties 0: 

F{x,y,z) = F{x,z,y) = F{x,Jy,Jz), F{x,Jy,z) = -F{x,y,Jz). 

In [B], the considered manifolds are classified into eight classes with respect 
to F. The class Wo of the Kahler manifolds with Norden metric is contained in 
each of the other seven classes. It is determined by the condition F{x, y, z) ~ 0, 
which is equivalent to V J — 0. 
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The condition 

e F(x,y,z)=0, (2.2) 

x,y,z 

where & is the cychc sum over x, y, z, characterizes the class W3 of the quasi- 

x,y,z 

Kdhler manifolds with Norden metric. This is the only class of manifolds with 
non-integrable almost complex structure J. 

Let {ci} [i = 1,2,..., 2n) be an arbitrary basis of the tangent space of M 
at a point p € M . The components of the inverse matrix of g, with respect to 
this basis, are denoted by g*-' . 

Following [7], the square norm ||V J|r of V J is defined in [8] by 

llVjf =5''-'5''5((Ve.J)e,,(Ve,J)e,), (2.3) 
where it is proven that 

||VJ||' = -25'^g'=^5((Ve.J)efe,(Ve,J)e,)- (2-4) 

There, the manifold with ||VJ||^ = is called an isotropic- Kdhler manifold 
with Norden metric. It is clear that every Kahler manifold with Norden metric 
is isotropic-Kahler, but the inverse implication is not always true. 

Let R be the curvature tensor of V, i. e. R(x, y)z — W yZ—"^ yV xZ—'\/ [x.y]Z . 
The corresponding (0, 4)-tensor is determined by R{x, y, z, w) = g{R{x, y)z, w). 
The Ricci tensor p and the scalar curvature t with respect to V are defined by 

P{y, z) = g'^R{e„y, z, Cj), t = g'^p{ei,ej). 

A tensor L of type (0,4) with the properties 

L(x, y, z, w) = ~L{y, x, z, w) = -L{x, y, w, z), (2.5) 

6 L{x,y, z,w) = (the first Bianchi identity) (2-6) 

x,y,z 

is called a curvature-like tensor. Moreover, if the curvature-like tensor L has the 
property 

L{x,y,Jz,Jw) = -L{x,y,z,w), (2.7) 

it is called a Kdhler tensor [9]. 

Let V be a linear connection with a tensor Q of the transformation V ^ V 
and a torsion tensor T, i. e. 

Vxy = Vxy + Q{x,y), T{x,y) = Vxy - VyX ^ [x,y]. (2.8) 

The corresponding (0,3)-tensors are defined by 

Q{x,y,z) = g{Q{x,y),z), T{x,y, z) = g{T{x,y), z). (2.9) 

The symmetry of the Levi-Civita connection implies 

T{x,y)^Q{x,y)-Q{y,x), T{x,y) = -T{y,x). (2.10) 
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A partial decomposition of the space T of the torsion (0,3)-tensors T (i. e. 
T{x,y,z) = —T(y,x,z)) is vahd on an almost complex manifold with Norden 
metric {M,J,g): T = Ti©7^©7^©7^, where % {i = 1,2,3,4) are invari- 
ant orthogonal subspaces [101 ■ For the projection operators pi of T in % it is 
established that: 

4pi(x,y, z) = T{x,y, z) - T{Jx, Jy,z) ~ T{Jx,y, Jz)- T{x, Jy, Jz), 
Ap2{x,y,z) = T{x,y, z) ~ T{Jx, Jy,z) + T{Jx,y, Jz) + T{x, Jy,Jz), 
8p3ix, y, z) = 2T(x, y, z) - T{y, z, x) - T{z, x, y) - T{Jy, z, Jx) 

— T{z, Jx, Jy) + 2T{Jx, Jy, z) — T{Jy, Jz, x) 

— T{Jz, Jx, y) + T[y, Jz, Jx) + T{Jz, x, Jy), (^•-'^1) 
8^4(2;, y, z) = 2T{x, y, z) + r(y, z, x) + T{z, x, y) + T{Jy, z, Jx) 

+ T{z, Jx, Jy) + 2T(Jx, Jy, z) + T{Jy, Jz, x) 
+ T{Jz, Jx, y) — T{y, Jz, Jx) — T{Jz, x, Jy). 

A linear connection V' on an almost complex manifold with Norden metric 
{M,J,g) is called a natural connection if V'J = V'g — 0. The last conditions 
are equivalent to Vg = Vg = 0. If V' is a linear connection with a tensor 
Q of the transformation V — > V on an almost complex manifold with Norden 
metric, then it is a natural connection iff the following conditions are valid: 

F{x,y,z) = Q{x,y,Jz) - Q{x,Jy,z), (2.12) 

Q{x,y,z) ^ -Q{x,z,y). (2.13) 
Since Vg = 0, equalities ((27TO)) and ((2TT|l imply 

Q{x,y,z) = ]^{T{x,y,z) -T(y,z,x) +T{z,x,y)}, (2.14) 

which is the Hayden theorem f[llj). 

Theorem 2.1 ([!l2 ). For a natural connection with a torsion tensor T on a 
quasi- Kdhler manifold with Norden metric {M,J,g), which is non-Kdhlerian, 
the following properties are valid 

P2 / 0, P3 = 0. (2.15) 

□ 



3 Connection with totally skew-symmetric tor- 
sion 



3.1 Main results 

The main results in the present work are consist in the following 
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Theorem 3.1. Let V' be a natural connection with a totally skew- symmetric 
torsion tensor on a non-Kdhler almost complex manifold with Norden metric 
{M,J,g). Then 

(i) {M,J,g) is quasi- Kdhlerian; 

(a) V' has a torsion tensor T in the class T2 (BT^; 

(Hi) V' is unique and the tensor Q of the transformation V — > V' is determined 
by 

Q{x, y,z) = ^ {F{x, Jy, z) - F{Jx, y, z) - 2F{y, Jx, z)} . (3.1) 

Proof. Since V' has a totally skew-symmetric torsion tensor T, then we have 

T{x, y, z) = -r(y, x, z) = -T{x, z, y) = -T{z, y, x). (3.2) 

From (I2.14P and p.2p it is follows that for the tensor Q of the transformation 
V ^ V it is valid 

Q{x,y,z) ^ -T{x,y,z). (3.3) 
Since V' is a natural connection, then (|2.12p holds and consequently 

S F{x,y,z)= 6 {Qix,y,Jz)-Q{x,Jy,z)}. (3.4) 

x,y,z '■£,y,z 

According to (|3.3p . Q is also 3-form and then we have 

Q{x,y,Jz)^Q{y,Jz,x). (3.5) 

Equalities (|3.4p and (|3.5|) imply (|2.2|) . which completes the proposition (i). 

According to Theorem (12. ip . for the tensor T we have P2 7^ and — 0, 
i. e. T e Ti © 7^ ® 7;. Let us suppose that T G Ti . Then T = pi and from (piT]) 
it is follows 

3r(x, y, z) + T(Jx, Jy, z) + T[Jx, y, Jz) + T{x, Jy, Jz) — 0. (3.6) 

We substitute Jy for y and Jz for z in p.6p and the obtained equality we add 
to (|3.6p . In the result we substitute Jz for z and according to p.3p we get 
Q{x,y,Jz) — Q{x,Jy,z) — 0. Then, by (|2.12p we obtain F{x,y,z) = 0, i. e. 
(M, J, g) is Kahlerian, which is a contradiction. Therefore T ^Ti, \. e. pi — 0. 
Combining ((2TT|) . jS?!]) and jSJl), we find that 

P4{x,y,z) = Q{x,y,z) + (3(Ja;, Jy, 2;). (3.7) 

Let us suppose that p4 = 0. Then from (|3.7p we have 

Q(x,y,z) + Q(Ja:, J2/,z) = 0. (3.8) 
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We substitute y <-> z in (|3.8p . and subtract the obtained equality from (|3.8p . 
In the result we apply (|3.8[) and the fact that Q is a 3-form. In such a way we 
obtain 

Q{x,y,z) + Q{Jx,y,Jz) = 0. (3.9) 

The equalities p.8|) and (13. 9|) imply Q{x,y,Jz) — Q{x,Jy,z) = 0. Thus, ac- 
cording to ()2.12|) . we obtain F{x, y, z) — 0, i. e. (M, J, g) is Kahlerian, which is 
impossible. Therefore p4 7^ 0. 

Thereby we establish the following conditions for T: pi ^ 0, P2 0, = 0, 
P4 ^ 0. Hence T e T2 © 7^, i. e. (ii) holds. 

From (j2.12p , having in mind that Q is a 3-form, we obtain 

F{x, Jy, z) - F{Jx, y, z) - 2F{y, Jx, z) 

= Q{Jx, Jy, z) + Q{ Jx, y, Jz) + Q{x, Jy, Jz) + 3(5(a;, y, z). 

Since pi — 0, from p. lip and (|3.3p we have 

Q{Jx, Jy, z) + Q{Jx, y, Jz) + Q{x, Jy, Jz) = Q{x, y, z). (3.11) 

The equalities p.lOp and (|3.1ip imply (13. ip . which completes the proof of (iii). 

□ 

According to (|2.ip . equality p.ip is equivalent to 

Qix,y) = ^{{^ccJ)Jy-iyj.J)y-~2{\/yj)Jx}. (3.12) 

Remark 3.1. In U3^ it is found a 2-parametric family of natural connections 
on almost complex manifolds with Norden metric which contains the connection 
V' with totally skew- symmetric torsion tensor. 



3.2 An example 

Let be a real 4-dimensional vector space with a basis {Ei}. Let us consider 
a structure of a Lie algebra determined by the commutators \Ei,Ej\ — C^jEk, 
where C^j are structure constants satisfying the anti-commutativity condition 

C^. = -C^, and the Jacobi identity C^^C^ + C^sCL + C^fii, = 0. 

Let G be the associated connected Lie group and {X^} be a global basis for 
the left invariant vector fields that is induced by the basis {Ei} of V . Then we 
have the decomposition 

[X„X.j\=C'^jXk. (3.13) 

Let us consider the almost complex manifold with Norden metric (G, J,g), 
where 

JXi = X3, JX2 - X4, JX3 = -Xi, JX4 = -X2 (3.14) 

and 



g{X^,X^)=g{X2,X2) = -g{X3,X3) = -.9(^4, X4) = 1, 
giX,,X^)^0 for i^j. 
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Because of p.l5p the following equality is valid 

2g ( Vx, X„Xk)^9i [X^, Xj],Xk)+gi [X^ , X,] , X, ) + 5 ( [Xk , X,] , X,) • (3.16) 

We add the condition for the associated metric g of 5 to be a Killing metric 
[M]. Then 

g {[X,, XjlJXk) + 9 Xk], JXj) = 0. (3.17) 
Combining ([23]), (|XTI)) . H^J^i . ((XTC)) and (PTf]) . we obtain 

2F{X,, X,,Xk) - g {[JX„ Xj],Xk) + g ([JX„ Xk],X,) . (3.18) 

From (|3.18p it is follows immediately that & F{Xi, Xj, Xk) = 0, i. e. 

{G, J,g) is a quasi-Kahler manifold with Norden metric. 
According to (|3.13p and ()3.17p . we get 

[Xi,X2] = XiXi + X2X2, [Xi^X^] = X3X2 — X1X4, 

[Xi,Xi]^-X:,Xi-X2Xi, [X2,X3] = A4X2 + A1X3, (3.19) 

[X2, X4] —X4X1 + X2X3, [X3, X4] — A3X3 + A4X4, 

where 

Ai — Lji2 — Ly23 — ^^-23, A2 — 0]^2 ~ ^24 ^ '-'14i 

\ /-^2 /-^3 /^l \ /^2 /^4 /^l 

^3 — L'13 — L'34 — ~'-^14j ^4 — L'23 ~ "-^34 ~ ^'-'24- 

Let equalities p.l9p are valid for an almost complex manifold with Norden 
metric (G, J, g) , where J and g are determined by (|3.14p and (|3.15p . Then we 
verify directly that the Jacobi identity for the commutators [Xi,Xj] is satisfied 
and the associated metric g of 17 is a Killing metric. 

Therefore, the following theorem is valid. 

Theorem 3.2. Let (G,J,g) be a 4^- dimensional almost complex manifold with 
Norden metric, where G is the connected Lie group with an associated Lie algebra 
determined by a global basis {Xi} of left invariant vector fields, and J and g 
are the almost complex structure and the Norden metric determined by (|3.14p 
and (j3.15p . respectively. Then (G, J,g) is a quasi- Kdhler manifold with a Killing 
associated metric g iff G belongs to the 4-parametric family of Lie groups, defined 
by ([319]) . □ 

Let (G, J, g) be the quasi-Kahler manifold determined by the conditions of 
Theorem ([321) • 

By p.lSp and (|3.19p we get the non-trivial components Fijk — F{Xi, Xj, Xk) 
of the tensor F: 

— 2i^ll4 = 2Fi23 = — 2F312 = 2F334 = 2F411 = 2i^433 = Ai, 
2^223 — —2^241 ~ — 2F322 = — 2F344 = 2F412 = 2i^434 = A2, 

— 2F112 = — 2i^i34 — F211 — F233 — 2F314 — — 2F332 = A3, 

— -^122 = -F144 = 2F221 = 2i^234 = 2F414 — — 2F432 — A4. 

This leads to the following 
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Proposition 3.3. [G,J,g) is a non-Kdhler manifold with Norden metric. □ 
Using (|3.16p and (|3.17p . we obtain 
2g (Vx.X,, Xfc) = g X,], X,.) - g ( J[X„ JX,],Xk) + g ( J[X„ X,],Xk) . 
Then we have 

2Vx,X^ = [X,, Xj] - J[X,, JXj] + J[JX,, X^]. (3.20) 

The equahty (|3.20p imphes 

2Vx,JX, - [X,, JXj] + J[X,, Xj] + J[JX,, JX,l 
2JVx,X^ = J[X,,X^] + [X,, JXj] - [JX,,X^]. 

We subtract the last two equahties, apply the formula for covariant derivation 
and obtain 

2 (Vx, J) Xj = J[JX„ JXj] + [JX„ Xj]. (3.21) 
By (|3.19p and (|3.21[) we obtain the components of V J: 



2(VxiJ) 


Xi 


= 2(Vx3J)^3 = - 


'^3X2 + 


A1X4, 


2(Vx.J) 


X2 


= 2{Vx,J)Xi^X 


4X1 — A2^3, 


2(VxiJ) 


Xs 


= -2{VxsJ)Xi = 


A1X2 + 


A3X4, 


2(Vx,J) 


Xi 


= -2{VxJ)X2 = 


— A4X3 


— A2X1 


2(VxiJ) 


X2 


= — \^X\ — 2\/^X2 


— A1X3, 




2(VxiJ) 


Xi 


= — '^i-'^i + A3X3 - 


- 2X4^X4., 




2(Vx.J) 


Xi 


= 2X3X1 + X4X2 + 


^2X4, 




2(Vx,J) 


X, 


~ A2X2 — 2A3X3 — 


X4X4J 




2(Vx3J) 


X2 


= —XiXi — 2X2X2 


+ A3X3, 




2(Vx;,J) 


Xi 


— X3XI + XIX3 + 2X2X4, 




2(Vx4^) 


Xi 


— 2X1X1 + X2X2 — 


A4X4, 




2(Vx4J) 


X3 


— —X4X2 — 2Ai^3 


— A2^4- 





(3.22) 



From (1231) and (13:221) it follows that ||Vjf = -4 (Xj + A| - A| - A|), and 
therefore the following is valid. 

Proposition 3.4. (G, .J,g) is an isotropic Kdhler manifold with Norden metric 
tffX\ + Xl-Xl^Xl = Q. □ 

Let V' be the connection with totally skew-symmetric torsion tensor T on 
(G,J,5). 

By vhtuc of jSJl), (l3TT2l) and (|3?2T1) . we have 

4T(X„ Xj) = 3[JX„ .JXj] - J[X.,, JXj] - J[.JX^, Xj] + [X.„ Xj], (3.23) 
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which implies 

T{Xi,X2) — A3X3 + X4X4, T{Xi,X-i) = X3X2 — X1X4, 

T(Xi, X4) - A4X2 + A1X3, T{X2, X3) = -A3X1 - A2X4, (3.24) 

T{X2, X4) = — A4X1 + A2X3, T{X3, X4) — XiXi + A2X2. 

Then the non-trivial components Tijk = T{Xi, Xj, Xk) of the corresponding 
(0,3)-tensor T are: 

2^134 = Ai, T234 ~ A2, T123 = —A3, ri24 — — A4. (3.25) 

According to (|3.19p and p.24p . we have 

T{X,,X^) - [JX,,JXj] 

and then, from p.23p it follows that 

[JX„ JXj] + J[JX„ Xj] = [X„ Xj] - J[X,, JXj]. (3.26) 

Since we have 2Q = T for V, from ([SiHD, ((X^ and ((X^ . we obtain 

V'x^X, = [X„X,] - J[X,, JX,]. (3.27) 

Combining p.l9p and p.27p . we get the components of V': 





= ^'xX3 = 


— A1X2 — A3X4, 


^'X.X2 




A2X1 + A4X3, 


^'xX2 


= V'x,X4 = 


XiXi + A3X3, 


^xX3 


- -^XsXi 


= A3X2 — A1X4, 


^'x,X4 


= -^'X,X2 


= —X3X1 + Ai^3 


^'x.X, 


= ^'xXs - 


— A2^2 — A4X4, 


^'xX3 


= -^'x.Xi 


— A4X2 — A2X4, 


^'xX4 


- -^X,X2 


= — A4X1 + A2X3 



(3.28) 



Thus we arrive at the following 

Proposition 3.5. Let V' be the connection with totally skew- symmetric torsion 
tensor T on (G, J, g). Then the components ofV and T with respect to the basis 
{Xi} are (|3.28p and (j3.25p . respectively. □ 

In [I2J and |15j we have considered the canonical connection V*^ and the 
B-connection on quasi-Kahler manifolds with Norden metric. Now we will 
show how these two connections relate to the connection V' with totally skew- 
symmetric torsion tensor on (G, J,g). 

The connection is defined in [15] by 

Vf,X, = Vx,X, + i(Vx.J) JX,. 
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Hence, applying (|3.14p and (|3.22p . we obtain directly = |V'. On the other 
hand, according to iJJJ, we have = ^ (V*^ + V). Thus we proved the fol- 
lowing 

Proposition 3.6. Let V', and V*-^ be the connection with totally skew- 
symmetric torsion, the B-connection and the canonical connection on {G,J,g), 
respectively. Then 

3 

□ 

In [4] we have proved that V' has a Kahler curvature tensor on any quasi- 
Kahler manifolds with Norden metric iff the following identity holds 

S {g{iyxJ) Jy + (Vj, J) y, (V, J) Jw + {Vj,J) w)]^0. (3.29) 

Equality p.21|) implies 

2 [VxJ) JXj = -J[JX,,Xj] + [JX„ JX,], 

2{yjx^J)x, = -j[x,,jx.j\ - [x,,x.j\. 

We add the above, and according to (|3.26|) obtain 

(Vx. J) JX, + {VjxJ) X, = [JX,, JX,] ~ [X,, Xj]. 
Then, the condition p.29p takes the following form on (G, J, g): 

S {9{[JX,, JXj] - [X,,Xjl [JXk, JX,] - [Xk,Xs\)] - 0. 

The last equality and equalities (|3.14p . p.lSp and (|3.19p imply 

Proposition 3.7. The connection V' with totally skew- symmetric torsion on 
(G, J, g) has a Kahler curvature tensor iff \\ -\- \^ = \\ -\- \\. □ 

4 Connection with parallel totally skew-symmet- 
ric torsion 

Let V' be the connection with totally skew-symmetric torsion tensor T on the 
quasi-Kahler manifold with Norden metric (M, J, 5). 

Now we consider the case when V has a parallel torsion, i. e. V'T — 0. 

It is known that the curvature tensors R' and R of V' and V, respectively, 
satisfy: 

R'{x, y, z, w) = y, z, w) -f- (V^^Q) (y, z, w) - (V^Q) (x, z, w) 

(4.1) 

+ Q(?/, z),u;) - (3(y,(3(x, z),w). 
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Equality (|3.3p implies V'Q = in the considered case. Then from the formula 
for covariant derivation with respect to V it follows that 

xQ{y, z, w) - Q{V,y, z, w) - Q{y, V^z, w) - Q(y, z, V» = 0. (4.2) 

According to the first equality of (|2.8p we have 

Qiy'^y, z, w) = QiV^y, z, w) + Q{Q{x, y),z, w), 

Q{y, ^'xZ-, w) = Q{y, VxZ, w) + Q{y, Q{x, z),w), (4.3) 

Q{y, z, V^uj) = Q{y, z, Vxw) + Q{y, z, Q{x, w)). 

Combining (|4.2p , (|4.3p , the first equality of (|2.9p and having in mind the formula 
for covariant derivation with respect to V, we obtain 



(4.4) 



(4.5) 



iSxQ) {y, z, w) = Q{Q{x, y),z, w) 

- 9{Q{x, z),Q{y, w)) - g{Q{y, z), Q{x, w)). 
From (14. 4p and the first equality of ()2.10p we have 

C^xQ) {y, z, w) - (VyQ) {x, z, w) = Q{T{x, y),z, w) 

- 2g{Q{x, z),Q{y, w)) + 2g{Q{y, z), Q{x, w)). 

Because of (|4.5p . equality (|4.ip can be rewritten as 

R'{x, y, z, w) = R{x, y, z,w) + Q {T{x, y),z, w) 

- 9{Q(x, z), Q{y, w)) + g{Q{y, z), Q{x, w)) . 

Since Q{ei, ej) = -~Q{ej,ei) it follows that g^^Q{ei, ej) = 0. Then, from 1 
after contraction by x = e^, w = e^, we obtain the following equality for the 
Ricci tensor p' of V: 



(4.6) 



(4.7) 



P'{y, z) = p{y, z) + 2g'^g{Q{ei, y), Q{z, ej)) 

- g'^g{Q{ei,z),Q{y,ej)). 

Contracting by y = e/c, z = in (14. 7p . we get 

r' - r + 5^^/^5(Q(e„ efe), Q(e„ e,)), (4.8) 

where r' is the scalar curvature of V. 

By virtue of (gH), (|3T2l) . (l231l and ((Ml we have 

T'^r-^WVjf. (4.9) 
Thus we arrive at the following 
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Theorem 4.1. Let V' be the connection with parallel totally skew- symmetric 
torsion on the quasi-Kdhler manifold with Norden metric (M, J, g) . Then for 
the Ricci tensor p' and the scalar curvature t' of V are valid (|4.7p and (|4.9p . 
respectively. □ 

Equality (|4.9p leads to the following 

Corollary 4.2. Let V' be the connection with parallel totally skew- symmetric 
torsion on the quasi-Kdhler manifold with Norden metric (M, J, g) . Then the 
manifold {M, J, g) is isotropic Kdhlerian iff V' and V have equal scalar curva- 
tures. □ 

Remark 4.1. The 4-parametric family of 4- dimensional quasi-Kdhler manifolds 
{G, J, g) considered in subsection \3.2\ does not admit any connection with parallel 
totally skew- symmetric torsion. 



5 Connection with parallel totally skew-symmet- 
ric torsion and Kahler curvature tensor 

Let V be a connection with parallel totally skew-symmetric torsion on the 
quasi-Kahler manifold with Norden metric (M, J, g) . 

We will find conditions for the curvature tensor R' of V to be Kahlerian. 

From ()3.3p . having in mind that Q is a 3-form, we have 

Q {T{x, y), z,w)^Q (z, w, T{x, y)) = g{Q{z, w),T{x, y)) 

= 9{T{x,y),Q{z,w)) = 2g{Q{x,y),Q{z,w)). 
Then ()4.6p obtains the form 

R'{x, y, z, w) = R{x, y, z, w) + 2g{Q{x, y), Q{z, w)) 

(5.1) 

- 9{Q{x, z), Q{y, w)) + g{Q{y, z), Q{x, w)) . 

From ()5.ip . identities p.Sp and (12. 7p for R' follow immediately. Therefore 
R' is a Kahler tensor iff the first Bianchi identity (|2.6|) for R' is satisfied. Since 
this identity is valid for R, then ()5.ip implies that R' is Kahlerian iff 

e {2g{Q{x,y),Q{z,w)) - g{Q{x, z),Q{y,w)) + g{Q{y, z),Q{x,w))} =0. 

x,y,z 

Thus, using that Q is a skew-symmetric tensor, we arrive the following 

Theorem 5.1. Let V' be the connection with parallel totally skew- symmetric 
torsion on the quasi-Kdhler manifold with Norden metric {M,J,g). Then the 
curvature tensor for V' is a Kahler tensor iff 

& g{Q{x,y),Q{z,w))=Q. (5.2) 

x,y,z 

□ 
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Because of the skew-symmetry of Q, (|5.2p implies 

g{Q{y,z),Q{x,w)) - g{Q{x, z),Q{y,w)) = -g{Q{x,y),Q{z,w)). 
The last equality and (|5.ip lead to the following 

Corollary 5.2. Let V' be the connection with parallel totally skew- symmetric 
torsion and Kdhler curvature tensor on the quasi-Kdhler manifold with Norden 
metric (M, J, g) . Then 

R'{x,y,z,w) = R{x,y,z,w) -\- g{Q{x,y),Q{z,w)). (5.3) 

□ 

If R' is a Kahler tensor then R'{x, y, Jz, Jw) = —R'{x, y, z, w), and because 
of (|5.3p we have 

R{x, y, Jz, Jw) + R{x, y, z, w) = -g(Q{x, y),Q{Jz, Jw)) 

(5.4) 

- g[Q{x,y),Q{z,w)). 

From ((XT^ we get 

Qix,Jy) = JQ(a:,y) - (V,J)y. 

Then we have 

Q( Ja;, Jy) = -Q{x, y) - (Vj^J) y - {VyJ) Jx 

and consequently 

g{Q{x,y),Q{Jz,Jw)) = -g{Q{x,y),Q{z,w)) 

^g{Q{x,y),{Vj,J)w + {V^J) Jz). 

The last equality and (|5.4p imply the following 

Corollary 5.3. Let V' 6e the connection with parallel totally skew- symmetric 
torsion and Kdhler curvature tensor on the quasi-Kdhler manifold with Norden 
metric [M, J, g) . Then 

R{x,y,Jz, Jw) + R{x,y, z,w) = g{Q{x,y), {V,jzJ)w + {VwJ)Jz). (5.5) 

□ 

Contracting by x — Ci, w = Cj in (j5.5p . we obtain 
g'^R{e^,y,Jz,Jej)-^p{y,z)^g'^g{Q{ei,y),{\/,j^J) + (Ve, j) Jz). 
Then, after a contraction by y = Cfe, z = e^., it follows 

T**+T = g'^g'''g{Q{e„ek), {Vj,J)e, + (Ve, J) Je,), (5.6) 
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where r** = g^^g'"'R{ei, Ck, Jcg, Jej). 
From (|3l^ . ([Ojl and ([231) we have 

5'"ff''5(Q(e^,efc), (Vje. J)e, + (Ve, j) Je.) = ||Vjf . 
Then (|5.6p can be rewritten as 

r**+r = -i||Vjf . 
On the other hand, according to [8j, we have 

r"+r = -i||Vjf . 
Then ||VJ||^ = and therefore the foUowing is vahd. 

Theorem 5.4. Let (M,J,g) be a quasi-Kdhler manifold with Norden met- 
ric which admit a connection with parallel totally skew- symmetric torsion and 
Kdhler curvature tensor. Then {M, J, g) is a isotropic Kdhler manifold with 
Norden metric. □ 
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